
1 INTRODUCTION

During their service life, structures that are subjected to an aggressive environment may suffer
degradation of their component materials. Such damage could decrease the mechanical charac-
teristics of the system, and, with them, even its reliability. In this paper, special attention is paid
to the durability of concrete structures subjected to the diffusive attack from environmental ag-
gressive agents, like sulfate and chloride, which may lead to deterioration of concrete and corro-
sion of reinforcement (Biondini et al. 2004a).

The great randomness connected with the occurrence of critical environmental attacks sug-
gests studying deterioration of materials and structures from a probabilistic point of view (Gara-
vaglia et al. 2002, Biondini et al. 2004b). To this purpose, in this paper the deterioration process
over time will be defined as a stochastic process of the random variable (r.v.) τ which represents
the “lifetime” of the system spent in a given service state. In this way, the deterioration process
is viewed as a dynamic process where the system loses its performance during time (loss of re-
sistance, loss of reliability, change of quality,....). In particular, when the loss reaches a certain
level, the system suffers a “damage” and it passes from the present service state i to another
service state k characterized by a lower level of performance. Each changing of state happens
after a time τik, defined as the waiting time of the system in the state i before to pass in another
state k (Garavaglia et al. 1997). Under this point of view, the deterioration process can be con-
sidered as a transition process and it can be modeled as a semi-Markov Process (s-MP) with one
step of memory (Guagenti et al. 1988).

Based on such criteria, the present study is aimed to develop a probabilistic model able to
predict the service life of deteriorating structural systems for which the deterioration process can
be modeled as a s-MP. The application to a concrete box-girder cross-section shows that the
proposed methodology is effective even when the prediction is based on a few observed data.

2 RELIABILITY OF MATERIALS SUBJECTED TO A CRITICAL ENVIRONMENT

The deterioration of the building materials subjected to environmental attacks and, as a conse-
quence, their durability, may be dealt as a reliability problem where (Sarja, 1996):
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⋅ every kind of loss of performance (loss of load bearing capacity, loss of thickness, loss of
surface material, etc.), greater than a certain value can be treated as a “failure”;

⋅ every aggressive attack causing failure (mechanical loading, physical, biological or chemical
effects, etc.) can be described as a “load”.
To define the loss of performance, some different service states have to be chosen. Such

states may be defined as the scenarios where the system performance remains greater than a
certain level. When a transition from a given performance state to a lower-grade state takes
place, the material suffers a loss of performance. Thus, for materials, the failure process may be
defined as a transition process through different service states due to a discrete number of at-
tacks in the time continuum, t (Guagenti, 1988).

Every transition clearly depends on:
⋅ the magnitude of the load (stress cycle);
⋅ the system capacity to withstand this load.
Both these quantities depend on a large number of random variables (r.v.), many of them time-
dependent. Therefore, it should be adequate to treat the transition process as a stochastic proc-
ess. In Binda et al. (1990) it has been shown that a r.v. suitable to describe a transition process is
the service lifetime τi, defined as “the waiting time spent by the material in the performance
state i”. Under this point of view the failure probability function Pf  can be defined as follows:
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where t0 represents the age of the material when it enters the state i (Binda et al. 1990), and Fτi is
the cumulative distribution function of the r.v. τi.

When Fτi is known, a stochastic dynamic process can be assumed to represent the material
failure process. In Garavaglia et al. (1997) it has been shown as the semi-Markov Processes (s-
MP) seem to be suitable to describe the material failure process. They allow to distinguish dif-
ferent states of the system with different waiting times (i.e. different deterioration levels and
consequently different type of failure) and to take in account the age t0 of the material when it is
subjected to failure process.

2.1 The Semi-markov approach: general remarks

The s-MP are one-step memory processes describing the behavior of a dynamic system that
changes its state at every transition and appear to be a suitable model for representing the failure
process of a building material (Guagenti et al. 1988). A s-MP is defined when the following
quantities are known (Howard, 1971):
a. Initial conditions, defined by (a) the state occupied by the system at the initial time t = 0,

and (b) the time t0 spent in the initial state (Figure 1).
b. Probability density function (p.d.f.) fik(t) of the waiting time τik, i.e., the time spent in state i

if the next state is k:
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c. Transition probability pik, defined as:
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Clearly, a s-MP can have different transition probabilities and waiting times for each transition.
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Figure 1. Graphical interpretation of time describing processes.



The waiting time of the first transition is described by a p.d.f. f fik and the first transition
probability matrix is indicated with f pik. They can depend on the age t0 as follows:
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Moreover, the time τi is the r.v. representing the waiting time in the state i (i.e. the lifetime in
the state i) between two subsequent transitions, whatever is the next destination, and it is de-
fined by the following p.d.f.:
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where Fτi(t) and ℑτi(t) are the cumulative distribution function and the survivor function of the
r.v. τi, respectively. The previous functions are indicated with fFτi(t) and fℑτi(t) when relative to
the first waiting time in the initial state. When the points a, b, and c of the previous page are
known, it is possible to compute the probability Πij(t) that the system will occupy the state j at
the time t if it was in the state i at the time t = 0, t0 being the elapsed time in the state i at the
time t = 0. It follows that (Binda et al., 1990):
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where  δij is the Kronecker operator and
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The two equations above are convolution-integrals and can be effectively computed by using
the Laplace transform.

Equation (5) represents the evolution of the system and allows for the prediction of the life-
time τi. Thus, in the semi-Markov hypothesis, the failure prediction only depends on the transi-
tion probabilities pik, on the waiting time p.d.f. fik(t), and on the initial conditions. The problem
of a suitable choice for the p.d.f. fik(t) arises. No doubt that, the choice of a distribution model-
ing a given phenomenon has to be connected to the physical aspect of the phenomenon itself
and to the characteristics of the distribution function in its tail, where often no experimental data
can be collected. This last aspect of the question can be investigated by analyzing the behavior
of the failure rate function (Binda et al., 1990):
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A constant hazard-rate means that when a system has functioned for some time without hav-
ing failed, there is no effect on the failure probability for the period ahead. A decreasing failure
rate means that the failure probability for the period ahead is favorably affected by the system
having functioned satisfactorily for a certain time. An increasing failure rate means that the
system has already been in service for some time and its reliability is reducing, so that its prob-
ability of failure is increasing. In an actual material, combination of all these cases are possible
(Binda et al. 1990, Garavaglia et al. 1997), and the connection with physical knowledge of ma-
terial deterioration phenomenon usually suggests to use a distribution of the Weibull family
(φik(x) function increasing over time).

3 APPLICATION
3.1 Box-girder bridge under the diffusive attack of aggressive agents
A reinforced concrete box girder bridge having the cross-section shown in Figure 2.a is considered
(Biondini et al. 2004a, 2004b). The cross-section has main nominal dimensions dy=2.20 m and
dz=7.90 m, and is reinforced with 220 bars having nominal diameter ∅=26 mm. For concrete,
the stress-strain diagram is described by the Saenz’s law in compression and by an elastic per-
fectly plastic model in tension, with the following nominal parameters: compression strength



fc=−40 MPa; tension strength fct=0.25| fc |2/3; initial modulus Ec0=0.25| fc |1/3; peak strain in com-
pression εc0=−0.20%; strain limit in compression εcu=−0.35%; strain limit in ten-
sion εctu=2fct /Ec0. For steel, the stress-strain diagram is described by an elastic perfectly plastic
model in both tension and compression, with the following nominal parameters: yielding
strength fsy=500 MPa; elastic modulus Es=206 GPa; strain limit εsu=1.00%.

Figure 2.b shows the location of the aggressive agent, with concentration C(t)=C0 along the
bottom side on the left and C(t)=½C0 within the cell on the right. The diffusion process of the
agent within the structure is simulated by using cellular automata. The cellular automaton consists
of a regular uniform grid of cells, with a discrete variable Ci

k = C(xi, tk) in each cell which repre-
sents the concentration of the component in the cell i at time tk.. In particular, the parameters of
the automaton are chosen to regulate the process according to a given diffusivity
D = 10−11 m2/sec and in such a way that the Fick’s laws are satisfied (Biondini et al. 2004a).

Structural damage is modeled by introducing a degradation law of the effective resistant area
for both the concrete matrix and the steel bars. Such damage is correlated to the diffusion proc-
ess by assuming, for both materials, a linear relationship between the rate of damage q = q(x, t)
and the mass concentration C = C(x, t) of the agent. In particular qc=(Cc∆tc)−1 for concrete and
qs=(Cs∆ts)−1 for steel, where Cc and Cs represent the values of constant concentration which lead to
a complete damage of the materials after the time periods ∆tc and ∆ts, respectively (Biondini et al.
2004a). The nominal values Cc=Cs=C0, ∆tc=5 years and ∆ts=7.5 years are assumed.

The time evolution of the mechanical damage induced by diffusion can be appreciated from
diagrams of Figure 3, which show the time evolution of the structural response of the nominal
structures in terms of dimensionless diagrams of the bending moment Mz versus curvature χz
with N=My=0. A Monte Carlo is then carried out to account for uncertainty in diffusion process,
mechanical damage and structural response. The probabilistic model assumes as random vari-
ables the material strengths fc and fsy, the coordinates (yp, zp) of the nodal points p=1,2,… which
define the two-dimensional model of the concrete cross-section, the coordinates (ym, zm) and the
diameter ∅m of the steel bars m=1,2,…, the diffusivity coefficient D and the damage rates
qc=(Cc∆tc)−1 and qs=(Cs∆ts)−1. These variables are assumed to have the probabilistic distribution
with the mean µ and standard deviation σ values listed in Table 1.
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Figure 2. Box girder cross-section undergoing diffusion: (a) geometry and location of the reinforcement;
(b) grid of the cellular automaton and location of the aggressive agent.



Several parameters could be adopted as suitable measures of the structural performance, as
for example the bending moment Mz at cracking, yielding and ultimate conditions, as well as the
curvature ductility ϕ =χu/χy given by the ratio of curvatures at ultimate and yielding, respec-
tively (Biondini et al. 2004b). This paper focuses on the yielding positive bending moment
only. With reference to a sample of 5000 simulations, Figure 4.a shows the time evolution of the
statistical parameters (mean value µ, standard deviation σ, minimum and maximum values) of
the resistance value of the ultimate bending moment during the first 50 years of service life. The
results of this simulation can be used to compute at each point in time the probability of failure
for given target deterministic levels of the structural demand, as shown by the probability curves
in Figure 4.b. These curves allow to assess the time-variant reliability of the cross-section with
respect to a given demand or, conversely, to assess the corresponding remaining service life
which can be assured under prescribed reliability levels without maintenance.

Figure 3. Evolution of the bending moment mz-curvature ∆εz diagrams during the first 50 years of service
life [mz=Mz/(|fc|Ac0dy); ∆εz=100χzdy].
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Figure 4. Time evolution of the yielding positive bending moment during the first 50 years of service life
[mz=Mz/(|fc|Ac0dy)]. (a) Probabilistic parameters: mean µ (thick line), standard deviation σ from the mean µ
(thin lines), minimum and maximum values (dotted lines). (b) Probability of failure curves  versus given
deterministic levels of the demand (∆t=2 years).
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Table 1. Probability distributions and their parameters.
Random Variable (t=t0) Distribution Type µ σ

Concrete strength,  fc Lognormal fc,nom 5 MPa
Steel strength,  fsy Lognormal fsy,nom 30 MPa

Coordinates of the nodal points,  (yi, zi) Normal (yi, zi)nom 5 mm
Coordinates of the steel bars,  (ym, zm) Normal (ym, zm)nom 5 mm

Diameter of the steel bars,  ∅m Normal ∅m,nom 0.10∅m,nom
Diffusivity coefficient,  D Normal Dnom 0.10 Dnom
Concrete damage rate,  qc Normal qc,nom 0.30 qc,nom

Steel damage rate,  qs Normal qs,nom 0.30 qs,nom

3.2 Semi-Markov modeling
The evolution of the probabilistic performance of the box-girder cross-section are now investi-
gated with reference to a different modeling aimed to predict the service life on the basis of a
few monitoring data only. To this purpose, the numerical results previously obtained are consid-
ered as a large sample of experimental data that fully characterize the actual evolution of the
structural performance. In this way, the monitoring data will be extracted from such database.

The random variable chosen to describe the structural performance of the structural system is
the positive bending moment mz at yielding. In order to model the time evolution of such vari-
able within a semi-Markov modeling, the following assumptions are introduced:
– The structure is undamaged at the initial time t0=0.
– The damaged structure is considered to be in a state i>0 when mz,i ≤ mz ≤ mz,(i−1), where mz,(i−1)

and mz,i are the upper and lower thresholds, respectively, which characterize the state i.
– The structure evolves from a state i>0 to another state k>i, characterized by a lower level of

performance mz,k < mz,i, during a time interval τik. Of course, the condition k<i is also possi-
ble if some maintenance is operated, situation that is not consider in this study.

Under the hypothesis of s-MP, the time evolution of the structural behavior is then represented
as transitions between different states of performance.

In the present application the threshold values mz,i are associated to given probability of fail-
ure PF and chosen with reference to a lognormal representation of the data obtained from the
simulation carried out in the previous section. Such values are listed in Table 2, together with
the performance amplitude ∆mz,i=[mz,(i−1)−mz,i] associated to each state i.

Table 2. Thresholds values and amplitude of the states of the structural performance.
State Thresholds i 0 1 2 3 4 5

Probability of Failure PF 10−1 10−2 10−3 10−4 10−5 10−6

Threshold Value mz,i 0.0795 0.0750 0.0718 0.0693 0.0673 0.0655
Threshold Amplitude ∆mz,i − 0.0045 0.0033 0.0025 0.0020 0.0018

For each transition the waiting time τik must be modeled by choosing an appropriate prob-
ability density function. As said before, the choice of the density is a delicate question. It must
be made on the basis of physical knowledge of phenomenon and on the characteristic of the
distributions in their tail where, usually, no much data are present. Since the deterioration of the
structure involve a deterioration of the yielding moment, the physics of phenomenon suggest
that longer is the time spent by the system in a given state, higher become the probability to suf-
fer a loss of performance and to pass in a state characterized by an inferior level of quality. This
behavior is well described by distributions with the hazard rate function φik(t)dt increasing with
time. Based on such considerations, a Weibull distribution is then chosen:
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It is worth noting that the effectiveness of the model depends on the monitoring time interval ∆t.
In fact, the transition from a state i to a state k could be not detected if τik> ∆t. Therefore, when
transitions with k>(i+1) happen, a mixture of two Weibull distributions can be made:

)()1()()()(
21

twptwppt
k

ftf ikikikiki
−+=∑=τ (10)



Based on the above criteria, in the following the proposed predictive model is firstly applied
to several samples of data having different size, in order to investigate which is the minimum
number of measurements required to achieve a good accuracy in the assessment of the structural
service life. Finally, a validation of the probabilistic model is presented.

3.3 Discussion of the Results and Concluding Remarks
The proposed procedure has been applied to samples composed by 5, 10, 15, 20 and 50 moni-
tored events. Figure 5 makes a comparison between the probability Πij(t), associated with i = 1
and j = 2, 3, 4, 5, and the results obtained with the Monte Carlo simulation, that in this case can
be considered like a “statistical truth”. The prediction appears to be reliable for all the studied
samples, even if, as expected, the computed curves seems to better fit the target one for the
sample with size 20 and 50. However, since the difference among the curves is not clearly ap-
preciable, a validation of the results in quantitative terms is also carried out.

In order to investigate the goodness of the results, each theoretical probability curve has been
then compared with the “statistical truth” by means of some classical statistical tests. The results
of the tests are shown in Figure 6 for two different selection of the sample data. Clearly, the re-
liability of the results related to the crossing of a state j decrease passing from j=2 to j=5, since
the prediction becomes more uncertain as the time interval τ1j increases. In addition, the reli-
ability of the prediction is expected to increase as the sample size increases. However, this quite
obvious expectation is not true in general, since it may depends on the particular selection of the
sample. The χ-square test in Figure 6.b highlights this aspect showing that for the second set of
samples a size of 10 events leads to a better prediction of a size of 15 events.

However, the results obtained show that the proposed model is able to give reliable prediction
of the expected service life even with a few measurements. In particular, a sample of  about 15
monitoring events seems large enough to reliably predict the time needed to reach a given serv-
ice state starting from an undamaged scenario. For samples with lower size the prediction can
suffer of uncertain and, as shown, the results tend to be strongly dependent on the sample choice.
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Figure 5. Comparison between the markovian probability Πij(t), with i = 1 and j = 2÷5 (thin lines), and
the results obtained with the Monte Carlo simulation (thick lines).
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Figure 6. Kolmogorov-Smirnov, χ-square, and SN* statistical tests for two different selections of 5 sam-
ples having different size. The sample used for the prediction in Fig. 5 refers to the tests on the left side.

4 REFERENCES

Binda, L., Molina, C., 1990. Building Materials Durability Semi-Markov Approach. J. of Materials in
Civil Engineering, ASCE, USA., 2(4), 223–239.

Biondini, F., Bontempi, F., Frangopol, D.M., and Malerba, P.G., 2004a. Cellular Automata Approach to
Durability Analysis of Concrete Structures in Aggressive Environments. ASCE Journal of Structural
Engineering – tentatively accepted for publication.

Biondini, F., Bontempi, F., and Frangopol, D.M., 2004b. Probabilistic Performance of Concrete Struc-
tures in Aggressive Environments. In: D.M. Frangopol, E. Brühwiler, M.H. Faber, B. Adey (Eds.) Life-
Cycle Performance of Deteriorating Structures. American Society of Civil Engineers (ASCE), USA.

Garavaglia, E., Lubelli, B., Binda, L., 2002. Two different stochastic approaches modelling the deterio-
ration process of masonry wall over time. Materials and Structures, RILEM, EU, 35(248), 246-256.

Garavaglia, E., Montagno Cappuccinello, M.A, 1997. Building materials time dependent reliability: a
discussion, Proc. of ICOSSAR97, International Conference on Structural Safety and Reliability,
Kyoto, A. A. Balkema, Rotterdam, 2 , 1311 – 1315.

Guagenti, E., Molina, C., Binda, L. and Garavaglia, E., 1988. Predictable models in earthquake engi-
neering and in materials durability, Proc. 4th Symp. ASMDA4, INRA, Nancy, France, 1, 79-97.

Howard, R.A., 1971. Dynamic probabilistic system. John Wiley and Sons, New York, NJ, USA.
Sarja, A., 1996. Towards practical durability design of concrete structures. Proc. of 7DBMC, 7th Interna-

tional Conference on Durability of Building Materials and Components, Stockholm, Sweden, E&FN
SPON, London, UK, EU, 2, 1238-1247.


